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Splice Joint Containing a Crack Along the Fastener Line
J.T.S. Wang*

Georgia Institute of Technology, Atlanta, Ga.
and

C. S. Chu,| O. L. Freyre, J and T. M. Hsu§
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This paper describes the analysis procedure for determining displacements and stresses in a splice joint con-
taining a panel crack along the fastener line. The presented analytical solutions based on the linear elasticity
theory satisfy all boundary conditions except along the crack-line where a collocation procedure is used. Results
obtained from the general analysis, together with a high order crack-tip element, are used to determine crack-tip
stress-intensity levels. Results for a joint without a crack is first examined for the convergence of the general
solution, and rapid convergence is observed. Numerical results for two examples containing a crack are
presented, and convergence of solutions based on the numerical results is discussed for illustrative purposes.

Nomenclature
a - half crack length
b - half of the panel width
d = fastener diameter
E = modulus of elasticity
/, = applied far-field stress
F = Airy stress function
G = shear modulus of elasticity
J = number of fasteners
Kf = stress intensity factor
Na = 27V = applied far-field stress resultant
Nx,Ny,Nxy = stress resultants
PI = fastener shear load in longitudinal direction
Qi = fastener shear load in transverse direction
t = thickness
u, v = displacement components
x,y = Cartesian coordinates
ex, ey,yxy = strain components
°x> °y> Txy - stress components
v = Poisson's ratio
X = normalized stress intensity factor

Introduction

CRACKS often occur along fastener lines of a spliced
joint. When a crack occurs, it is important to know the

extent of change in fastener loads, local stress levels, as well as
crack-tip stress-intensity factors corresponding to various
crack lengths so that the damage tolerance capability of the
structure can be established. Since it is generally impossible to
obtain exact solutions for cracked structures, many structures
containing cracks are analyzed by numerical procedures, such
as the finite-element method. While. these numerical
procedures are effective, they are generally time consuming
and expensive. Other analytical procedures will be more
desirable if they can be developed effectively. In this respect,
Wang and HsuJ analyzed a partially cracked panel by ap-
plying a boundary collocation procedure along the crack-line.
Results indicated that the analysis was suitable and effective
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in computing stresses and deformations with a high degree o
accuracy at all locations except in the immediate vicinity o
the crack tip. These findings motivated the authors to analyz<
the present problem based on plane elasticity theory usin^
series solutions in conjunction with a collocation procedun
along the fastener line containing a crack. Displacement:
generated from this analysis will provide the boundary
conditions for a crack-tip element which permits a direct anc
accurate determination of stress intensity factors.

General analysis concepts and some preliminary results
were presented at the Fifth Canadian Congress of Applied
Mechanics.2 Included in the present paper is a complete
discussion of the formulation and analysis of the stress
distribution and deformation of a splice-joint containing a
crack subjected to loads in the direction perpendicular to the
crack. The joint configuration is idealized by considering the
geometry at the splice to be symmetrical about the midline oi
splice plates and about the midplane of the main sheet. In
addition, the supporting frame at the splice location is
considered to be rigid, resulting in zero displacements along
the midline of the splice plates. Fastener loads are developed
through pins of infinite rigidity and zero diameter. It is
recognized that the flexibility of the fastener will have ar
influence on stress intensity at the crack tip. The influence oi
fastener flexibility in these types of problems was addressed ir
Refs. 3-6 in which the flexibility is characterized by ar
idealized linear spring or by a load-deflection relation based
on test results. If such idealized representation of fastener
flexibility is used, the present analysis can be extended easil>
to incorporate the effect of fastener flexibility when main-
taining continuity of displacements of the main sheet and the
splice plates at fastener locations. The zero diameter con-
sideration may represent an idealized spot weld. Otherwise
fastener hole effects on the stress intensity of cracks
emanating from a hole may be considered by applying 2
correction factor based on the analysis of Bowie.7 However,
exact account of the effect of the hole is beyond the present
scope of study.

Analysis
Due to symmetry in geometry and loading, only one quartei

of the joint needs to be analyzed. The geometry and some
symbols for the joint having one row of equally spacec
fasteners are shown in Figs. 1 and 2. The area is divided
further into four separate regions designated as regions 1-4 as
shown in Fig. 2. The far-field applied stress resultant Na=2I\
in the main sheet is distributed uniformly and the main sheel
is considered to be infinitely wide when compared to the
length of the crack. A plane state of stress is assumed for each
region and linear elastic theory is followed. Fastener sheai
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Fig. 1 Geometry.

Fig. 2 Loading and boundary conditions.

force components Pi and Qi in the longitudinal and transverse
directions, respectively, will be considered as concentrated
external loads on regions 1 and 3. It is clear that if there is no
crack, stresses and displacements will vary periodically in the
y direction with transverse displacement v and shearing stress
ryx equal to zero along each midline between two adjacent
fasteners. Furthermore, the load component Qf in the
transverse y direction in all fasteners must be zero. Inasmuch
as the effect of cracks on stresses and deformation is known
to be localized in nature, the periodical phenomenon will
recover at areas sufficiently distant from the crack. Con-
sequently, each longitudinal edge of the joint is selected along
a midline between two adjacent fasteners at some distance
from the crack. While the boundary conditions v = ryx = 0
along the edges ̂  = 0 and 2b will be specified, the values of Q
in the fasteners located immediately next to these edges will be
examined in order to verify the adequacy of the panel width

used in the analysis. Although the theory and equations
relating to linear elasticity can be found in standard textbooks
such as Refs. 8-10, the pertinent equations that applied to the
four regions are included in the paper for clarity. The
equilibrium equations are

8NX 8NVX-d̂y

*y i y
dx dy

(1)

(2)

where Nx, Nyt and Nxy are stress resultants. Introducing the
Airy stress function F such that

N =to=
d2F
——dy2

d2F

_ _
= tTxy=~

d2F

(3)

(4)

(5)

where ox, oy, and rxy are stresses and t the thickness. The Airy
stress function is governed by

V4F=0 (6)

The stress, strain, and displacement relations are

e = — = — (N -vNx dx ( x y

dv

Et

1

du dv

Nxy==Gtyx

(7)

(8)

(9)

(10)

(11)

(12)

in which E is the modulus of elasticity, v the Poisson's ratio
and G the shear rigidity. Substituting Eqs. (10-12) into Eqs.
(1) and (2), one obtains

32u l-pd2u

d2u -v 32v 82v _
=°2 dxdy 2 dx2 dy2

The boundary conditions along y = 0 and 2b are

(13)

(14)

and
v = 0 (16)

The general solution of Eq. (6) satisfying condition Eq. (15)
will be taken in the following form:

(17)
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where am=rmr/2b and A is a constant. In addition, the
general solutions of Fm satisfying Eq. (6) are

(18)

(19)

in which
y=7

/m/=coshamx

fm3=amxcoshamx

(20)

(21)

(22)

(23)

The far-field applied stress in region 4 of the main sheet is
at sufficient distance away from the fastener line, that the
simpler solution

(24)

which is valid near the fastener line may be used.
Substituting Eqs. (3-5) in conjunction with Eqs. (18), (19),

or (24) into Eqs. (7-9), one obtains

Etu=-
m=l

[A-v(3B02x+2B01)]x+u0(y) (25)
and

+ (6B02x+2B01-vA)y + v0(x)

To satisfy conditions Eq. (16), one concludes that

B=0
and

(26)

(27)

(28)

(29)

Substituting Eqs. (25) and (26) in conjunction with Eqs.
(28) and (29) into Eqs. (13) and (14) and then integrating with
respect to y, gives

du0/dy = (30)

where C is the integration constant. To satisfy conditions
given in Eq. (15), one concludes that C = 0; and, as a result,

u0 = const (31)

Now the displacements are represented completely in terms of
Fm. From Eqs. (3-5) in conjunction with Eqs. (18), (28), and
(29), the expressions for stress resultants in terms of Fm are
given as follows.

Ny =
j 2 IT

cLF.-smamy

(32)

(33)

(34)

Clearly, the constant A for each region given in Eq. (32)
represents the average value of Nx for that region. Con-
sequently,

and
A = 0 for regions 2 and 3

A=N for regions 1 and 4

(35)

(36)

where N is the uniformly applied stress resultant. The x-
coordinate for regions 1,2, and 3 designated by xlf x2, and x3
is measured from the edges without fasteners as shown in Fig.
2, and the lengths of these regions are xlt x2, and x3,
respectively. The .y-axis for region 4 of the main sheet is
located along the fastener line. The interacting stresses in this
plane between adjacent regions are represented by Fourier
series with unknown coefficients. The remaining boundary
conditions for all four regions can now be listed separately as
follows.

Region 1

u(0,y)=v(0,y)=0

Nx(Xl,y)=N+

Kxy(*i>y)= £ (i L <
_ t \ u / _ /

Region 2

Nx(0,y)=Nxy(0,y)=0

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

in which pm, qm, pc
m, and qc

m are unknown Fourier coef-
ficients of interacting stresses, and / is the number of
fasteners in the splice. Satisfying conditions along xt=0
results in

Region 3

Nx(0,y)=Nxy(0,y)=0
ot

Nx(x3,y)= I

o

Nv(x3,y) = I

Region 4

Nx(0,y)=N+

"Xy(0,y)= E

=0,

=0, B® = -B®, B$ =0,

1 —V

(48)
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where the superscript in parentheses denotes the region
number. Furthermore, by satisfying the stress boundary
condition along the fastener lines for regions 1, 2, and 3, one
can express all constants B$ in terms of unknown Fourier
coefficients pm, qm, pc

m, and qc
m. These coefficients together

with P,., Qi9 and u0 for regions 2, 3, and 4 are the remaining
unknown quantities which must be determined.

By satisfying the continuity conditions along the fastener
line between regions 1 and 2,

u(1)(x1,y)=uW(-x2,y) (49)

v(1)(Xj,y)=vW(-x2,y) (50)

Using Eqs. (25), (26), and related results, one obtains

in which all the coefficients are known. The unknown con-
stant value of utf} in Eq. (59) may be determined from Eq.
(59) by taking j to be any integer between 1 and J. In the
present analysis j= 1 is used. As a result, Eq. (59) becomes

J

1 = 7

for k = 2, 3,...,/, and

(61)

2b (51)
(62)

D D By equating Eqs. (53) and (57) at x4 =
obtains

and f o r y = l , one

in which the detailed expressions for the constants DI}, D12,
D21, and D22 are omitted. Clearly, the displacements at the
fastener locations of the splice plate can be expressed in terms
of fastener loads in the following general form

J i _ 2 J
Estsusj = £ (Pjf, + 0;,Q, ) + —— - x, % P, (53)

(54)

in which (3^, $*it Xy/, and X*- are constants, the subscript s
denotes splice plate, a n d y = l , 2,..., / identifies the fastener
locations.

The displacements along the fastener line of regions 3 and 4
may be represented in the following general forms.

(55)

(63)

Now all stresses and displacements along the fastener line
of regions 3 and 4 can be expressed in terms of pc

m, qc
m, Piy

and Qj. The continuity conditions along the fastener line of
the main sheet

(0,y) (64)

(65)

must be satisfied for the uncracked region of y except at the
first fastener location ( y j = y } ) where these conditions have
already been satisfied. Along the cracked region, the con-
ditions Nx =Nxy = 0 must also be satisfied and result in

(56) (66)

qc
msinamy = (67)

(57)

(58)

in which G<[>, H$, J$, and K$ for / = 3 and 4 are con-
stants, and the subscript c denotes the main sheet. Using Eqs.
(53-56) to maintain continuity in displacements between the
splice plate and the main plate at the fastener locations, one
obtains fory = 1,2,.../the following equations.

00 J

£ (Cjmpc
m+Ejmqc

m) + £ (A^. + fy/e/)

Ectc (59)

(60)

Finally, the satisfaction of the overall equilibrium condition
yields

(68)

Conditions given in Eqs. (64-67) in conjunction with Eq. (68)
are satisfied by using a collocation procedure which results in
a system of simultaneous algebraic equations for the fastener
loads PJ and Qit and for a finite number of Fourier coef-
ficients pc

m and qc
m. Upon solving these equations, the Fourier

coefficients pm and qm can be determined from Eq. (52).
Consequently, the stresses and displacements in all four
regions can be computed. Rapid convergence of solutions was
observed in a number of cases investigated. It is clear that the
convergence on stresses along the fastener line particularly
near the fastener and crack locations would be much slower
than those in regions sufficiently away from these areas.
While the stresses in the immediate vicinity of the fastener line
and the crack may converge slowly, the displacements have
been shown to be well behaved. In the example problems



1568 WANG, CHU, FREYRE, AND HSU AIAA JOURNAL

y/b

y/b
0.88
0.92
0.96

y/b

Table 1 Normalized ax along x =

No. of terms
10

0
0.2
0.4
0.6
0.8
1.0

0.97
1.04
1.01
1.14
0.90
2.58 :

.01

.01

.03

.11

.50
>.68

1.00
1.01
1.03
1.12
1.51
2.70

Table 2 Normalized ax and u along x = 0

Stress

y/b
0
0.2
0.4
0.6
0.8
1.0

No.
8

1.00
0.91
0.66
3.58
1.13
5.10

of terms
10

1.00
1.01
1.02
1.03
1.04
6.12

Displacement
No.

8

1.05
1.04
1.02
0.99
0.92
0.67

of terms
10

1.00
1.00
0.99
0.96
0.90
0.65

Table 3 Normalized ax along x = 0.08ft

30
No. of terms

35 40

0
0.08
0.16
0.24
0.32
0.40
0.48
0.56
0.64
0.72

0.80
0.84
0.88
0.92
0.96
1.00

1.00
1.07
1.52
1.52
1.07
1.00
1.07
1.54
1.54
1.08

1.05
1.11
1.21
1.24
0.83
0.52

1.01
1.07
1.54
1.54
1.07
1.01
1.07
1.55
1.57
1.11

1.11
1.21
1.31
1.08
0.54 (
0.33 (

1. 00
1.07
.53
.53
.07
.00
.07
.55
.55
.09

.08

.16

.27

.15
).66
).43

Table 4 Normalized displacement u

x=0 x = 0.04ft
No. of terms

y/b

0.80
0.84
0.88
0.92
0.96
1.00

30

0.93
0.95
0.94
0.90
1.03
1.09

35 40

0.99
0.98
0.97
1.02
1.19
1.21

.00

.01

.01

.00

.17

.20

30

0.94
0.94
0.94
0.94
1.01
1.06

35

0.98
0.99
1.00
1.05
1.14
1.17

40

1.00
1.01
1.01
1.04
1.13
1.16

Table 5 Normalized displacement u along jc = 0.04ft

30
No. of terms

35 40 45

0.89
0.77
0.66

0.97
0.88
0.74

1.00
0.93
0.79

1.01
0.92
0.76

considered in the study, the convergence of the general
solutions is first examined at locations close but not at the
fastener line or the crack plane. Once the convergence of the
general solutions is assured, the displacements at nodal points
corresponding to a ten-node crack-tip elementn are taken for
the determination of the stress intensity factor. To examine
the behavior and the convergence characteristics of the
general solutions of the present analysis, a splice joint without
a crack is considered. For the uncracked case, it is only
necessary to consider a typical portion containing one
fastener. The convergence of the dominant stress ax in the
main sheet of region 4 along a line at 0.26 distance from the
fastener line is shown in Table 1. Results shown in Table 1 are
the longitudinal stresses normalized with respect to the stress
at x = Q.2b and 7 = 0 based on the 10-term solution. It may be
noted that results based on a 12-term solution not shown in
Table 1 are identical to the 10-term results.

While the 8-term solution is sufficiently accurate for the
results shown in Table 1, the stress along the fastener line x = 0
based on eight terms show significant discrepancies from that
of a 10-term solution as shown in Table 2. However, one
should note that the discrepancies in the longitudinal
displacement, as shown in Table 2, are substantially smaller,
or much less significant. Again, ox and the longitudinal
displacement u are normalized with respect to their
corresponding quantities at # = 0 and 7 = 0 based on the 10-
term solutions. The results for ox computed along lines at
distances larger than 0.46 from the fastener line based on a
five-term approximation are found to be identical to those
based on the eight or more term solutions. For this uncracked
case, approximately !/2 s of CPU time on a UNIVAC 1100/81
is needed to make a computer run.

Examples
In the subsequent examples for illustrative purposes, the

Poisson's ratio *> = 0.3 will be used. As the first example, a
splice joint containing five equally spaced fasteners with a
0.166 length crack located between y = 0.926 and 1.086 is
considered. The stress ox along the line at a distance of 0.086
from the fastener line was examined. Results based on 30-,
35-, and 40-term approximations are given in Table 3, and the
results are normalized with respect to ax at x = 0.086 and y = 0
based on the 40-term solution. It is clear from Table 3 that jx
converges very well except perhaps for values below the
dotted line that correspond to the stress at locations adjacent
to the crack. This shows that the general solution definitely
converges. Furthermore, in the general region adjacent to the
crack, and even along the crack line, the longitudinal
displacement u is still very well behaved. The results for u
normalized with respect to 40-term solution of displacement
at j = 0.86 for 0.86 <>>< 6 along * = 0 and 0.046 where the
nodal points of a potentially smallest crack-tip element may
be located are given in Table 4.

For a 0.086x0.086 crack-tip element, the longitudinal
displacement u at node points located in region 3 at 0.046
distance from the fastener line is shown in Table 5 in which all
results are normalized with respect to the displacement at
7 = 0.886 based on the 40-term solution, and good con-
vergence may be noted.

Based on the results shown in Tables 4 and 5, the 40-term
solution is sufficiently adequate. The fastener loads based on
the 40-term solution are found to be

Pl =P5 = 1.075, Qj = - Q5 =0.0018

P2=P4 = 1.122, Q2=-Q4= 0.0128

P3= 0.606, Q3= 0.0000
where P, = 5P, /27V6 and Qi = 5Qf/2Nb. If no crack occurs, Pf
and Qi should be 1 and 0, respectively. For this example
problem, approximately 3 s of CPU time are used for each
computer run.
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Fig. 3 Longitudinal displacement (without crack).

' Fig. 4 Longitudinal displacement (a = 2.794 cm).

As a second example, a panel subjected to a uniform far-
field stress /, = 132.59 MPa (19.23 ksi) is considered. The
fastener spacing is 5.588 cm (2.2 in.). Panel cracks of various
lengths were assumed to occur symmetrically about a centrally
located fastener as shown in Fig. 4 or 5. The longitudinal
displacement at various locations of the main sheet without a
crack is plotted in Fig. 3 which shows the periodic nature of
the displacements. The corresponding displacements for the
case with a half crack length of 2.794 cm (1.1 in.) are shown

Fig. 5 Longitudinal displacement (a = 6.2484 cm).

Table 6 Stress-intensity factor/A"

Crack-tip element
size, cm, (in.)

1.016x1.016
(0.4x0.4)
2.032x2.032
(0.8x0.8)
3.048x3.048
(1.2x1.2)

10

0

0.25

0.38

No. of terms
20 30

1.17

1.03

0.98

1.00

0.97

0.96

40

1.02

1.00

0.99

in Fig. 4. It is seen from Figs. 3 and 4 that the displacements in
the cracked panel approach those in the uncracked panel at
distance away from the cracked location. The displacements
of a panel having a longer crack with 6.2484 cm (2.46 in.)
half length are shown in Fig. 5. For this second example
problem, results of the stress intensity factor corresponding to
various number of term approximations for three different
sizes of the crack-tip elements are given in Table 6 in which
rapid convergence is evident. The crack length used was
5.588 cm (2.2 in.), and the panel width containing nine
fasteners was used in the computation. The results shown in
Table 6 are normalized with respect to the stress-intensity
factor K= 30.36 MPaVm (27.63 ksiVmT) corresponding to the
2.032 x.2.032-cm (0.8 x0.8-in.) crack-tip element size based
on the 40-term solution.

For this example problem, approximately 6.5 s of CPU
time is needed to make a computer run for the general analysis
of the problem, and 1.2 s are used to subsequently compute
the stress intensity factor using the crack-tip element. The
variation in fastener loads Pi and normalized stress-intensity
factors X as a function of various crack lengths are plotted in
Fig. 6. It is seen from Fig. 6 that the fastener load P4 at the
crack location decreases sharply as the crack length increases
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0.25 0.5 0.75 l.O

J a / 2 b
Fig. 6 Stress-intensity factor and fastener loads.

and that the adjacent fasteners pick up additional load in the
process.

Concluding Remarks
The present work demonstrates that the analysis procedure

established provides rapid and accurate determination of
stresses and displacements including regions near the crack
location. It has also been shown that results obtained by using
the general analysis in conjunction with a high-order crack-tip
element with ten nodal points can determine the stress in-
tensity factor effectively. It appears, therefore, that to use this
analysis procedure containing a crack-tip element is more
desirable than using other numerical procedures.
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